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Abstract: An expression for the Chebyshev coefficients of the moments of the general order derivative of an infinitely 
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In the numerical solution of differential equations with spectral Gale&in Chebyshev methods 
([l], [2]) it is necessary to evaluate the Chebyshev coefficients of high derivatives of infinitely 
differentiable functions. In a recent short communication [3], the following general formula was 
put forward: 
Let u(x) be an infinitely differentiable function on the interval [0, 11. Then it is possible to 
express: 
u(x) = f a,T,*(x) where T,*(x) = cos (n cos-l(2x - l)), 
n=O 
i.e., the modified Chebyshev polynomial of degree n. 
Let 
dqu(x) 
dxq 
= 2 @‘T,*(x), up) = a,. 
n=O 
Then : 
Theorem 1. 
c a(4) = O” (j+q-2)! (n+j+q-2)! 
n n (qyl)! ]Fl (j-l)! (n +j- l)! (n + 2j + 4 - 2)an+2j+q-23 
where co = 2, c, = 1 for n > 0 and c, = 0 for n -c 0. 
(For proof see [3]) 
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A more general situation which often arises in such problems is the evaluation of the 
Chebyshev coefficients of the moments of high order derivatives of infinitely differentiable 
functions. In this study, the following computationally useful general formula is suggested. 
Under the assumptions of Theorem 1 and for r a positive integer, let: - 
xrdyy”’ = E byT,*(x). 
I=0 
Then: 
Theorem 2. 
$2’ i J.$ 2r ( 1 for I=O. r-n n=O 
2-‘.[~~~~)(r~~_l)+~~“!l)(l+~_~)+~olci).(l~~ 
i 
for r>,lal. 
b,4J = 
2-j gP( l+‘,‘_ ,) + ;o.:,i l?J] 
I for2r-laI>r+l, r#l. 
I 2-2’ i a!$( ,“J for I> 2r. n=I-2r 
Proof. From Theorem 1, it follows that 
Xr 
d4U(X) = 
dxq 
xr f a;q,* (x) = f u~~)x’T,* (x) = Iq,‘, say. 
n=O n=O 
From the property of Chebyshev polynomials [4], 
x’T,*(x) =2-2+ (2Jq%r+;(x) 
i=O 
(assuming T?,(x) = T,*(x)), one obtains 
Iq’= 2-2’ E aiq) 5 ( 2ir)Tn”,+i(x). 
n=O i=O 
By letting I= n - r + i, 
co n-+-r 
I4,‘= 2-2’ c &I) 
ci 
2r 
n=O +r-n l+r--n 
(1) 
(2) 
(3) 
(4 
(5) 
(6) 
1 
(7) =2-2’[C1 + x2], say, 
where 
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Considering C’ first : 
r-l 
x1= c 
n=O 
Clearly, 
and 
r-l n+r 
C aLq) C
n=O I=0 
(l+‘,‘n)T,*(x) 
r r-l 
= c &cq)( ,+‘,‘JT,*(x) + lyg +q l+y_n)T*b) 
I=0 n=O 
2r-1 
=c ? 
I=0 n=max(O,l-r) 
.?)( I+‘,’ &/*w. 
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(8) 
(9) 
(12) 
Substitution of (11) and (12) into (10) gives: 
c’= i &~(v)(~_~_,)T,*(x)+ ‘5’ 
I=1 n=O 
‘$l a!,)( l+y_n)T,*(x). (13) 
I=0 n=max{O,l-r) 
If when considering C* one takes n - r instead of n; 
c’= 5 4%TJ l~JT,*(x) 
n=O 
= : ? &?,(,2’&*(++ f i 
I=0 n=O 1=2r+1 n=I-2r 
n(Y:,jll’n)T*(x) 
=E & a(4) 
I=0 n=max(O,/-2r) ( ) 
2r T,*(x). 
n+r 1-n 04 
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Substitution of (13) and (14) into (7) gives: 
Comparison of (15) with (1) leads to the required result. III 
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